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Abstract. In this paper we introduce basic notions of a new
economic model where preference relations on commodities set are
represented by a group action on Euclidean space instead of utility
function. Conditions that ensure the existence of individual demand
function and a general equilibrium in the setting of exchange economy

are examined.
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Introduction

The mathematical modern conception of general economic equilibrium
(GEE) is provided by Arrow-Debreu model developed from 1950 (Arrow,
Debreu, 1954). This model pictures the economy as a collection of m economic
agents who make supply and demand decisions over a finite set of /
commodities in order to further their own interests. The general equilibrium
research program then studies many properties of economy, particularly the
price, choices of agents, individual and aggregated demand functions (Balasko,
1998).

In a pure exchange model, all agents are consumers, and each of them is
provided with a preference relation represented by a utility function on R’ and
an initial endowment e € R, representing his supply offer in the market. Agents
are assumed to take as given the market prices of goods. In exchange for his
supply, each agent tries to choose the consumption bundle which maximizes his
utility given his budget constraint. Such bundle represents the individual
demand. Aggregated demand of an economy is the sum of all individual ones,
and it is clearly a function of price.

Equilibrium is by definition the vector price p € R’ which makes all
markets clear (Supply = Demand). The centerpiece of the subject (GEE) deals
with the existence and properties of equilibrium. To ensure an affirmative
answer to that question, many conditions on preference relations, and hence on
utility functions, are assumed. In summary, it is assumed that preferences are
continuous, monotonic and convex, or equivalently, utility functions are
differentiable and concave.

When these conditions hold for all agents, the economy is then called
neoclassical, and equilibrium prices can be reached (Aliprantis et al., 1989).

The aim of this paper is to build a new general formulation of consumers'
choice where rationality involves not only maximization of preference, but also
a well defined reference of choice, hence our terminology of Economy of
Referential Preference (ERP). Although it is clear that this approach can
replace, in many instances, the conventional one based on utility function, it is
not our main purpose in this paper. In some way, we prove here that the
rationality of economic agents can be treated in a diffrent manner than by utility
function.

In first section we treat several examples that show the consistency of the
group action approach and we explicitly determine the individual demand
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function. In section two we give a basic definition of an ERP and we end by
proving our main result (theorem 8) establishing the existence of an equilibrium
in such economy.

1. Motivations and examples of referential preference

In this section it is shown by examples that preference relations on
commodities set can be represented by a group action on R'. This viewpoint
sheds some new light on the economic rationality and conditions of
equilibrium. In this work we will touch only a few aspects of group theory and
knowledge of elementary matricial calculus is sufficient (see Roman, 2012, for
details and many examples of group action).

We begin by a simple example where we can see that indifference sets of
utility function may be represented, or more precisely replaced by group action
on R'. Here and subsequently R} denotes the positive cone of R', and
RL,={x€R'/x;>0,1<i<I[}.

Example 1. The commodity space is R% and the utility function u is:
u: RZ — R, u(x,y)=xy.

We choose the one-parameter's subgroup G of GL(2, R),
a o0

G={ (0 1/a), dERLY.
The action a of G on R*is simply the matricial one on the Euclidean

y y/a
We assert that indifference sets of u are exactly the orbits for vectors on

RZ%. Indeed, except the trivial case (c=0) which is obviously a union of two
. L e: . (XN .
orbits, fixc > 0 Td the indifference set I, = {(y) € R{,u (y) = ¢ }. Given
y:))) € I, his orbit is nothing but I, itself. Actually, for any

ax

_(a 0 .. X0\ _
g= (O 1/a) € G, it is clear that a4 (Yo) = <§}’o
~ 0
~ X X - X
commodity (;() € I is in the orbit (y(?) since (;) Y ; '(yg) -
O =
Yo

X ax
space, namely: o, ( ) = ( ) where g = (3 123) for some a > 0.

any commodity (

> € I.. Conversely, any

o
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(3 1(;a) (;g), where a =

xy.
It remains to show that any orbit is an indifference set. This can be

deduced from the fact that (ax) (%y) = xy, and for all (;) such that Xy =

X X
' (y) - (Sf )

As indifference setis arbitrary, this is sufficient to conclude that the
description of indifference sets of consumer with given utility function u can be
efficiently made by a group actions on R .

This example gains in interest only if we are able to see how group action
becomes useful to define a mathematical framework of consumer's theory and
general equilibrium. In other words, we have to define a complete preordering
relation on R% and a consumer maximization problem in this new setting.

Actually, let be G a topological group and a a continuous action of G on
R'. Here and subsequently, 0, denotes the orbit of x € R under group action. It
is easy to check that any group action induces an equivalence relation on R,
Indeed, such equivalence can be obviously defined as following:

x~y iff 3g €Gstay(x) =1y.

But since this is not sufficient to give a totally (complete) preorder on RY,
some other conditions are needed.

which is due to the fact that xyy, = ¢ =

g |><1
§|‘<z|»-n

O X Ix

xy we have =

<<k O

Axiom 1. Let Xa non-empty subset of R!. For all x € X, there is a

1
unique v € RY, such that x € Oyp.1, Where [} = <> € R.
1

We will denote by v, the unique real v such that we have x € 0,,.,.

Of course this implies that the quotient of X by the equivalence relation
induced by the action of group is identified with R, .

Clearly, we can deduce a preference relation on X from a group action
which verifies axiom 1. Indeed, we say thatxis more desirable
than y when v, > v,, and they are equivalent if v, = v, .

We simply note that v, = v, < 3 g € G,suchthata,(x) =y <

xX~y.
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The above axiom is not only a simple mathematical hypothesis, but it has
an evident economic meaning which asserts that consumer compares each

1
bundle with a very simple one whichis: v-I; = v - ()
1

By identifying v - I; and v € R further analysis may eventually lead to
interpret v - [; in terms of a medium of exchange. But this is still just a mere
eventuality.

In many examples, axiom 1 is available for all R} and the above
preference can be extended to all commodities on RL. When this is not the case
we assume that all x € R. are preferred to anything on the boundary. Taking
into account this detail, we state the following definition:

Definition 1

We say that a preference relation > on commodity set Rl is of reference
type, or referential, whenever either:

1. It is given by a continuous and globally invariant group action on

RL which satisfies axiom 1.

2. It is given by a continuous and globally invariant group action
on R, which satisfies axiom 1, and everything in RL , is preferred to
anything on the boundary.

Returning to the previous example, where u(x;, x,) = x;X,, we can see
that x <y © ux) Su(y) © v, < v, Actally, u(x) <uy) © xx; <
Y1Y2, but since (vy,vx) € Oy and (vy,v,) € O,, we have v2 = x;x, and
vy = y1Y,. Under the condition v, v, = 0 it follows that v, < v,,.

y
Now we will solve a simple problem of consumer's demand with no use

of utility function. The group G are the same as in example 1.

Example 2. Letp = (%, \/2_§) the price vector and w=200 the budget of the
consumer.
To solve the consumer's problem which is
{ Maximize v,
subject to the constraintp-x < w’

t O Uy )
we set that x = o X (v ) for some tand v, € R} . It's not difficult to
t X

X
verify thatfand v, exist and that they are unique. Actually if x = (x;) €
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R%,, then we can see that v, = \/x;x, andt = /% The budget constraint
2
becomes:

tO) 1 V3 400t
<p;<0 %) (vx)>=W tavxﬁ-zvx:ZOO@VX:m

We then obtain v, (t) = %, that reaches its maximum at t = /3, for

which we have v, = 200 (¥/3)7!. Finally, the solution of this maximization
200

problem gives us x = (2 00 ﬁ) as the consumer's demand.
3

To treat the general case we must give necessary and/or sufficient
conditions on groups and their actions to ensure reliability and efficiency of
axiom preference and so the existence of individual demand function. Indeed,
under the axiom 1, we have the following theorem:

Theorem 2. Let be a consumer with referential preference on RY, given by
a group G. Then, the maximization problem under the budget constraint is
equivalent to the minimization of a nonnegative continuous real valued function
on the group G.

Proof. Since referential preferences are determined by v = v,, where
x = vy ay(l), then the demand function is given by the solution of the
following problem:

{ Maximize v,
subject to the constraintp -x = w
This maximization problem is clearly equivalent to finding the maximal

value of v, such that (p,v- a,(I)) = w. So, we have to maximize = v(g) =
w

(pag(D)

But since a,(I) € RY and p € RY,, we have (p, ag(l)) >0. As
(p,ag(D)) #0V g € G, continuity of v(g) follows directly from continuity of
group action and scalar product on R'. As w is fixed, and w and (p, a,(I)) are
both positive, then the problem is equivalent to minimizing (p, a,(I)) for

gEaQG. O

In the remainder of this section we assume that referential preferences are
given by a subgroup of GL(/, R) which satisfy the following axiom:
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Axiom 2. For consumeri €/, G' < GL(I,R), and the group action's
a: G' x R - R. which defines his preference relations on the commodity
space R}, satisfies: there is a unique g; € G'suchthat 0 < (I, a,,(I)) <
(Lag(D) Vg € G

In the following theorem we can see the fundamental role of this group
element g;, which is to determine level of satisfaction v,,,, and individual
demand function. Then our terminology of “referential preferences” is fully
justified.

Theorem 3.Let e; € RY the initial endowment of consumer i whose
preference is defined by a group G'. Then its demand function is explicitly
given by:

%
. pl l — l .
fii Ry = Ry, fi(p) = v, (1, agi>ag{;19i

where p = vyay -1, andw; = (p,e;) is the budget of consumer i.

I

Proof. Let be p € R., the giving vector price. By theorem 2 the
maximization problem is equivalent to minimize (p, a,(I)) for g € G*. But
since p € R%Y,, there is Gp € G' and v, > 0 such thatp = vp(agp -I). Then
we have to minimize (agp Lag - 1) for g € G' . Now (agp Lag 1) =
(I, a(g,gy 1) and by axiom 2, the minimum is given for g; = g, g or
nd:

wi

equivalently g = g, - g;. Finally, vy,4, = votlag D °

— . — —Wi -
filp) = Umax 51, I = T Aoy, I |

Remark 4. Since p € R}, we can also write p = M, - I, where M,
is the diagonal matrix with entries M;; = p; > 0. In other words

M, =v, - ag, -]. And iaggl -] = Mz;l I, and the individual demand

function for consumer i takes this form:

M'I,i
)= Ml ed g

- .I.
(Lag 1) P

g,

Corollary 5. The demand function is homogeneous of degree 0.
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Proof. Let A € R}, from the above expression of individual demand

function f;(p) = (Zlf’a'—;_eli)) » L. ag, " 1. As M,, is a diagonal matrix form of the p
vector, then My, = AM,, and M,{pl = A7'M,,. This clearly implies f;(Ap) =
fi(®). O

2. Referential preferences and conditions of equilibrium

We start with an example taken from (Aliprantis et al., 1989) to see how
our groups' based approach is able to provide same results as the conventional
one based on utility function.

Example 3

Let have an economy with two commodities and three agents and note
that (pq,p,) is the vector price. Utility functions of agents are u; = xy,u, =
x?y and uz = xy?, and their initial endowment are e; = (;), e, = (7) and
e3 = (g) .

These assumptions are extracted from example 1.4.10 in [Aliprantis & al,
1989, p 34-35].

For us, all preferences are given by groups and their actions on RZ .

Consumer 1. The group of preference is the matricial subgroup G; =

(o 10020}

[ts maximization problem
Maximize v = v,
{subject to the constraint p;x + p,y = by
where X = (x,y), is equivalent to finding the greatestvsuch that

t 0
(P,v <0 1) (1)) = p,+2p, < since for each X = (x,y) there is a unique
t

. £ 0\
t > 0andv>0with X =v 0 % (1)

t
Then, we have to find Max v, such that v((zl;;),(l/t)) = p,+2p,

t(p1+2p2)

o 1
which gives: v [tpl + Pl =pitlp, Sv= t2p1+py
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dv

Now, v = v(t) reaches its optimum when s 0, and this occurs
_ P2 : _ [Pz d?v

at ty= + |—=. Since for t;= [— >0, we have — <0, then we
0 P1 0 P1 dzt

P2\ _ p1t2p;

obtain v = v( —) = }
max P1 2,/p1p2

An easy calculation establishes the demand for the first consumer:

Pz o

U (p1+2pz _ (1) _ (p1+2pz p1+2pz)
1 0 L | \2ypip: 1 2p; ’ 2py /'
b2
P1

Same argument and relatively simple calculation gives the following
results:

Consumer 2 The group is subgroup G, ={(t 0 ),t > O}, v=

0 1/t?

t2(p1+ . . 3 ’2
;Zl—_l_?) reaches 1ts maximum at to = %

1 2 1

+ .
where V4, = 3; P2____ 7 . From this, we deduce that the demand of
2p2 pP1
191(H) +P2(E)

the 2nd consumer is:
_ (2P1+2p2 P1+P2)
X, = |———,—/—).

)

3p1 3p2
. t2 0 .
Consumer 3 The group is G3 = 0 1/t ,t > 0¢, the maximum of
t(2p1+3p2) . 3| D2 2p1+3p>
v(t) = ———is reached at t; = “|— and v = .
t3p,+p 2p max P2 2/3 2py 1/3
t 2 ! 1(2;721) + 2(;721)
2p1+3p; 4pi+6
Then we find x3 = ( p;; Pz p;; pz) as the demand of consumer 3.

1 2

To calculate the equilibrium price, it suffices to establish the common
equilibrium condition:
Zp) =Y, x(p)— Xi,e,=0 . It follows immediately that
(16p2 -13p; , 13p1— 16p2) -0
6p1 6p2

The last equality gives, under the condition
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16 13
29”29
are exactly the same obtained by the use of utility functions.

Based on the above examples and results, we suggest to define a new
mathematical framework of an exchange economy where the set / of agents is

finite. This is to be defined as:

p1 + pz = 1, the value of price equilibrium, P, = ( ) All these results

Definition 6

An exchange economy is said to be of referential preferences if:

1) The consumption set coincides with R%;

2) Each agent i has a non-zero initial endowment, i.e., e; € R% and;

3) The preference relation >’ is referential (definition 1), and satisfies

axiom 2, foralli € I.

The proof of our main result (theorem 8) is based on the following

mathematical result.

Theorem 7. Let S={p € RLp;>0fori=1,2,..,1, py+p, +
-+ p; = 1} the set of all strictly positive prices. For a function {(-) = ({, ("),
&, (), -, G () from S into R* assume that:

1. (is continuous and bounded from below;

2. ( satisfies Walra's Law, i.e., p - {(p) = 0 holds for each p € S;

3. {pn} €S, P> p =P, ..,p) and,p; > 0 imply that the sequence

G (Pn) of the k™ components of {(p,,) is bounded; and
4. pn = p € 0Swith{p,} €S imply lim_..[|C(p)ll, = oo

Then, there exists at least one vector p € S satisfying {(p) = 0.

For proof of theorem 7 we refer the reader to (Aliprantis et al., 1989,
pp. 32-34).

The main result of this paper is provided below:

Theorem 8. Every exchange economy of referential preferences has an
equilibrium price.

Proof. It is based on Theorem 7. According to theorem 3 and remark 4, the
excess demand function in ERP is given by Z:S - RL,Z(p) = Y; fi(p) —

(Mp-I,ei)
e, = .
Zl i ZLEI (I.agi-1>

Myt -ag -1 -e wheree = ¥;e; € Ry,
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First, continuity of Zis a consequence of continuity of application:
S - GL(L,R),p - M,, the inversion of matrix, and scalar product on R!. And
since all f; € RL , then Z is clearly bounded from below.

Second, as f; is the solution of maximization problem under the budget
constraint then (p, f;(p)) = (p,e;), and (p, Z(p)) = 0 follows from the
equality: Z(p) = X; fi(p) — Xie;.

Third, let now {p"} < S,p™ - p = (py,..,p;) and ,px > 0. To see
why the sequence Z,(p™) of the k™ component of {Z(p™)} is bounded,
we consider remark 4 and this expression of demand function:

S @) = Vi pled y

(Lag, >
of Myn and Mpn are nonnegative for allnand tend respectively to

1 “(ay, - I). Since p™ € S, then the k™ component

pr and (p)™ , which clearly implies f;(p}) is bounded for all
i € {1,2,...,m}, and consequently the same holds for {Z, (p™)}.

Last, it remains to prove that lim,_«||Z(p,)||l; = if p,—>p €
dS with{p,} €. Let j€({1,2,..,m} such that p; =0. Then p} -

0,and (p}l)_l — 400 which implies that the j* component of individual
demand tends to infinity, namely (MZ}} “(ag, -1 ))j — oo for all consumer i.

(Mp°l, e;)
(Lag; D)
that lim,, o ||Z(p,) |1 = . U

Since > 0 for all i, then (f;(p)); — +oo and it follows immediately

Conclusions

In his theory of value, Gerard Debreu wrote: “A state of the economy is a
specification of the action of each agent ... But these actions are not necessarily
compatible with the total resources. Can one find a price system which makes
them compatible?” (Debreu, 1959, p. 74).

In this work we prove that if all agents choose their preference in some
group setting, and make their choice in compliance with a simple general rule
of referential nature, then we can find a system of price which makes all choices
compatible.

An in depth work using additional examples will certainly allow us to
come across other properties of referential preference and to better grasp its
economic interpretations.
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