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Abstract. This paper proposes a growth model with heterogeneous
capital and consumption goods and services. It structurally generalizes
the Uzawa growth model by introducing heterogeneous capital and
multiple consumption goods and services. We show the dynamic
properties of the model and simulate the motion of the national economy
with two capital goods and two services over time. We also examine
effects of changes in preferences and technologies on the dynamic paths
of the economy. The model with heterogeneous capital reveals different
properties from those of the model with homogeneous capital. Our model
shows the importance of introducing heterogeneous capital into the
neoclassical growth theory. For instance, the comparative dynamic
analysis shows that when the propensity to save is increased, the wealth
per capita is increased initially but reduced in the long-term and the
wage rate and national output level fall; the consumption levels of the
two services fall even though the prices of the two services fall only
dightly; the stock of the light capital good rises initially but falls in the
long-term; the stock of the heavy capital good falls in association with
rising in its price; the labor input of the heavy industrial sector fall and
the labor inputs of the two service sectors rise while the labor input of the
light industrial sector rises initially but falls in the long-term. Solow’s
one-sector and Uzawa’s two-sector growth models cannot explain the
structural changes with heterogeneous capital. Both Solow’s one-sector
and Uzawa’'s two-sector growth models show that a rise in the saving
rate will increase the wealth per capita both in the short-term and in the
long-term.
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1. Introduction

Modern economic systems are characterized of structural changes with
heterogeneous capital goods and multiple services. It might be argued that
irrespective of the fact that many economic models, such as input-output systems
and multi-sector Ramsey growth models, economics <till needs proper
frameworks for examining structural changes with accumulation of heterogeneous
capital. How to model economic growth with heterogeneous physical capita
continues to present a chalenge for modeling of economic dynamics. As
emphasized by D’Agata (2009, p. 1), “any theoretically adequate model of
structural dynamics has to explain the growth (or decay) of sectors and their
technological dynamics in terms of process and production innovations as
outcome of rational agents, and the changes of consumption vectors as the result
of changes of consumer’s knowledge.” The traditional neoclassical growth theory
has not adequately modeled economic structural change with heterogeneous
capital on the basis of microeconomic foundation.® It is well known that most of
the models in the neoclassica growth theory model are extensions and
generaizations of the pioneering works of Solow (1956). The model has played
an important role in the development of economic growth theory by using the
neoclassical production function and neoclassical production theory. The Solow
model has been extended and generalized in numerous directions. Important
extensions to the case of two-sector economies were initiated by Uzawa (1961,
1963), Meade (1961) and Kurz (1963). The Uzawa modd extends the Solow
model by a breakdown of the productive system into two sectors using capital and
labor, one of which produces capital goods, the other consumption goods (Solow,
1962). According to this model, output of the capital sector goes entirely to
investment and that of the consumption sector entirely to consumption. This
assumption avoids the problem of modeling consumers choice among goods and
servicesin growth theory. Thereisasingle commodity for consumer in the Uzawa
model. Solow’s one-sector growth model and Uzawa's two-sector growth model
and their various extensons and generdizations are fundamental for the
development of new economic growth theories as well.? It is generaly
recognized that it is important to develop economic growth theory of multiple
sectors with heterogeneous capital in order to understand economic structural
changes and other important issues. In fact, many empirical studies show that
different sectors are different in their dynamic interactions with different variables
in the system. As pointed out by Acconcia and Simonelli (2008, p. 3010), the
early literature on empirical studies of business fluctuations implicitly assumes
that “a one-sector model is sufficient in order to correctly interpret the business
cycle” Nevertheless, the recent literature emphasizes the necessity of dividing
production side into different sectors. For instance, Whelan (2003) considers it
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necessary to treat consumption and investment differently in order to get a better
understanding of business cycles.®

Since Uzawa published his semina work, the Uzawa model resulted in an
explosion of research in the 1960s on the two-sector growth model. Economists
have made many efforts in generalizing and extending the Uzawa two-sector
model by, for instance, introducing more general production functions, money,
different externdities, knowledge, human capital, and fictions in different
markets. Most of these extensions are developed within the framework of one
capital and one consumption goods. As observed by Farmer and Wendner (2003,
p. 773), “In multi-sector growth theory, the two-sector growth model with
homogeneous capital dominates. However, economies are usualy characterized
by heterogeneous capital.” The purpose of this study is to develop a dynamic
growth mode with two capital goods and any number of consumption goods and
services.® In this dynamic multisectoral model with structural change & la Uzawa
structural change is the outcome of rational behavior of consumers and firms.© It
should be noted that in the literature of economic growth there are a few growth
models of multi-sector with heterogeneous capital goods. For instance, in a study
by Farmer and Wendner (2003), there are two industries, one producing
investment goods only and the other both consumption and investment goods.
This is different from the Solow one-sector model in which one sector produces
both consumption and investment goods as well as the Uzawa two-sector model in
which one produces investment goods only and the other consumption goods only.
Kaganovich (1988) proposes a growth model with (J - 1)-sectors, where J

sectors produce capital goods, and one sector produces a consumption goods.
Each of the capital sectors uses al capital goods as inputs while producing only
one, sector-specific capital goods. One may consider the Kaganovich approach as
an extension of Uzawa's two-sector model and the von Neumann multi-sector
growth model.” Our approach differs from Kaganovich's framework mainly in
that we model behavior of consumersin an aternative way. It should be noted that
this paper is an extension of a modd by Zhang (2012). The paper generaizes
Zhang's model in that this model considers any number of consumption goods
and services while Zhang's model deals with only one consumption goods. The
reminder of the paper is organized as follows. Section 2 defines the growth model
with an alternative approach to consumer behavior. Section 3 examines the
dynamic properties of the model. Section 4 studies effects of changes in some
parameters on the economic structure. Section 5 concludes the study.
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2. The two-capital and multi-service growth model

The model is based on the traditional two-sector model proposed by Uzawa
(1961), dthough we will extend the single capital sector in the Uzawa modd to
the case of two capital goods and multiple services. The two capital goods sectors
are caled respectively the heavy and light industria sectors. It is assumed that
consumption and capital goods are different commodities. There are two capital
goods sector and J consumption good (and services) sectors. Labor grows at an
exogenoudly given exponential rate n which is assumed to be zero in this study.
The assumption of zero population growth rate does not affect our analysis in the
sense that we can get smilar results with a positive constant growth rate (because
the sectors exhibit constant returns to scale). Let subscripts h,i, and |,
respectively, stand for the heavy industrial sector, the light industria sector, and
the jth's service sector, j =1, ..., J. The capital goods can be used as inputs in
al the sectors in the economy. The capital goods depreciate respectively at
constant exponential rates, ¢, and ¢;. A typica consumer’s utility level is

dependent on the consumption goods and wealth. The industrial sectors produce
the capital goods, which can be used only as production inputs. The light
industrial commaodity is selected to serve as numeraire. Labor and capital markets
are perfectly competitive and labor force and capita are fully employed. Let N

stand for the fixed labor force and wit) the wage rate.

The capital good sectors

First, we describe production side of the economy. We consider that the
heavy industrial sector uses heavy capital good K, (t), light industrial capital good
k (t), and labor N, (t) as inputs. We specify the heavy industria sector’s
production function F, (t) asfollows

Fat) = AKX N ()X K (), o + By + 7, =1, )

s By vh >0,
where A, is the total productivity factor. In this study, we assume A, ,a,,, f,,
and y, constant. Let r,(t) stand for the interest rate of capital good j, j =h,i.
The wage rate is denoted by w(t). The margina conditions for the heavy
industrial sector are given by
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r )+ p. ()5, :%, W(t)=%’ o
_ 4 B0OR0)
0+, = B

where p,, isthe price of the heavy capital good.

The production function of the light industrial sector F (t) is a function of
heavy capital good K, (t), light industrial capital good k. (t), and labor N, (t) as
follows

F t) = AxK (t)x NiBi (t)>< k" (t)! o +B +v =

©)
=1, o, B,7 >0.

The marginal conditionsfor the light industrial sector are given by

_a,FR(t) _AF() _7FR()
r(t)+ p,(t)S, K@) VV('[)—W’ n(t)+ 6, —QT- 4

The service sectors
The production function of the j th's service sector F,(t) is a function of

heavy capital good K (t), light industrial capital good k; (t), and labor N, (t) as
follows
F )= AxKIx@OxNP (Oxk (), o, +B, +v, =1

o,B,,v,>0, j=1,.,7. ©)
The marginal conditions are

() + p ()5, = 2= p}éft():; F, (t)1 wlt) = B, X pril(jt()s F, (t), )
f(t)+ 8 = 1% p;(ft(z; Fi(t)

where p, (t) isthe price of thejth service.

Consumer behavior
This study uses the approach to consumers behavior proposed by Zhang

(1996). We use K (t) and K (t) to stand respectively for the total stocks of heavy
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and light industrial goods at time t. Let us denote y(t) the current net income of

the representative household. The net income consists of wage incomes and
interest payment, i.e.

y(t) =1, (E)x<k (t) + 1, (Oxk ) + wit), (7)
where k(t)= K(t)/N and k(t)= K(t)/ N. Wecall y(t) the current incomein the
sense that it comes from consumers’ wages and current earnings from ownership
of wealth. The sum of income that consumers are using for consuming, saving, or
travels are not necessarily equal to the current income because consumers can sell
wedlth to pay, for instance, the current consumption if the current income is not
sufficient for buying food and touring the country. Retired people may live not
only on the interest payment but also have to spend some of their wealth. The total
value of the wealth that a consumer can sell to purchase goods and to save is equal
to p,(t)xk(t)+ k(t). Here, we assume that selling and buying wealth can be
conducted instantaneoudly without any transaction cost. The disposable income at
any point of timeisthen equal to

g(t) = y(t) + p,(E)xk(t) + k(t). ®

The disposable income is used for saving and consumption. The value,
p, ()xKk(t) + k (t) in the above equation is a flow variable. Under the assumption
that selling wealth can be conducted instantaneoudly without any transaction cost,
we may consider p,(t)xk(t)+k(t) as the amount of the income that the
consumer obtains at time t by sdling al of his wedth. Hence, at time t the
consumer has the total amount of income equaling Y to distribute between the

current consumption and future consumption (i.e., saving). In the growth literature,
for instance, in the Solow model, the saving is out of the current income y, while
in this study the saving is out of the disposable income which is dependent both on
the current income and wealth. The implications of our approach are smilar to
those in the Keynesian consumption function and models based on the permanent
income hypothesis, which are empirically much more valid than the approachesin
the Solow modée or the in Ramsey model. The approach to household behavior in
our approach is discussed at length by Zhang.®

We assume that the utility level, U (t), of atypica household is dependent

on consumption good, €; (), and savings, s(t). The utility function is specified as
follows

U= O™ 0), 4. & >0, j=1,.., 3,
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in which the parameters 4, and &, are, respectively, caled the propendities to

save and to consume services. The digposable income is allocated for consuming
and saving. The budget constrain is given by

3 P (xe, )+ st) = §(0).

Households determine €;(t) and St) a each moment. Maximizing U(t)
subject to the budget constrain yields
p;(t)xc;(t) =&, 9t), st)=n¥(t), ©)
where
e e T
ijlé:OJ + ﬂﬂ Zj:lfoi + ﬂﬂ

Let a(t) stand for the total wealth of the household. We have
a(t) = p, t)xk(t)+ k).

According to the definition of s(t) the wealth accumulation is given by
a(t) = slt) - alt). (10)

The equation smply states that the change in wealth is equal to the saving
minus the dissaving.

Consider now an investor with one unity of money. He can either invest in
heavy industria capital goods thereby earning a profit equal to the net own-rate of
return r, (t)/ p,(t) or invest in light industrial capital goods thereby earning a

profit equal to the net own-rate of return r,(t). Aswe assume capital markets to be

at competitive equilibrium at any point of time, two options must yield equal
returns, i.e.

ro(t)
s =) (12)
pu(t)
Assume that the labor force is dways fully employed. We have
J
N, () + N.@E) + DN, (t)= N. (12)
j=1

Assume that the two capital goods are always fully employed. We have
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k(®)+ k0 + 3k )= K(t) 13)

The balance of demand of and supply for each consumption good is
represented by
C,(t)=F, (). (14)

The change in the stock of a capital good is equal to its output minus its
depreciation. We have

K(t) = F,t) -8, K@),
K()=F1) -8 K(). (15)

We have thus built the model.
3. Properties of the dynamic system

This section examines properties of the dynamic system. First, we show that
the motion of the economy can be expressed as three-dimensiona differential
equations. Before stating our analytical results, we introduce two variables

w w
—, Z= :
M+ Py J, I+,

The dynamics is expressed with the two variables and the stock of capital

goods 2 asthe variables.

Lemmal
The dynamics of the economy is described by the following differential

equations
|Z( t)=%,(K(t), 2(), =)
% (K(t), 2(t), z(t)),
2=Y,(K(), 2(t), (1)) (16)
where }, and ¥, arefunctionsof K(t), Z(t) and z(t), defined in Appendix AL.

At any point of time the other variables in the dynamic system can be expressed
as unique functions of K(t), Z(t) and z(t) as follows: N, (t), N;(t), and K(t) by
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(A15) = w(t) and r(t) by (A3) = p,(t) by (A4) = p,(t), j=1,...3, by
(Ad4)= r,(t) by (A4 = J(t) by (A6) = N,(t), j=1,..,3, by (A10) =
K. (t)and k_(t), m=h,i,1,..,J, by (A1) = F(t) by (1) = F(t)by (3)
= Ft), j=1..J3, by (5 = c/t) ad st) by (9 =

a(t) = (p, (0K )+ Kt/ N.

This lemma implies that once we solve the differential equations, then we
can determine al the other variables, such as the national output, the labor
distribution, capital distribution among the sectors, the rate of interests, and the
wage rate.

As the expressions are tedious, it is difficult to explicitly interpret economic
implications of the conditions for existence of a steady state. In the reminder of
this study, we show properties of the dynamic system by smulation. We specify
the parameter values for afour-sector economy as follows

N=10, A =1 A=11 A=09, A =11 o,=02,
B, =06, o =0.25, B, =065,

o, =023, B, =063, o, =018, B, =065, A, =0.75,
& =004, &, =008,

¢, =0.05, ¢, =0.06.

The propensity to save out of the disposable income is 86 percent, the
propensity to consume service 1 is 4.6 percent, and service 2 is 9.2 percent. The
total productivity factor of the light industry sector is higher than the total
productivity factors of the other sectors. The depreciation rates of the heavy and
light capital good are, respectively, five and six percent. As we have the
differential equations from which we can determine the motion of the system, it is
straightforward to plot the motion of all the variables over time. Following the
computing procedure given in Lemma 1, we now simulate the modd to illustrate
motion of the system. The initial conditions are specified asfollows

K(0)=5, z(0)=15, z0)=8.1
We introduce the nationa output as

F)=FR0)- pWxF0)- pxF0)- pOxF).
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As sown in Figure 1, the system does converge to a steady state. The stock
of the heavy capital good changes dightly over time, while its price fals. The
value of the heavy capital good falls. The value of the light capital good aso falls
over time. Hence, the wealth per capita falls. The prices of the two services and
the wage are changed dightly over time. The consumption levels of the two
services fal. The output and input levels of the heavy industrial sector falls, while
the output and input levels of the light industrial sector rises. The nationa output
level ischanged dightly in association with the structural changes.

12 Py
P,
08
06 T‘W t

58 = 0023
52+ 0.021

a t . t t
46 * 10 20 30 10 20 30 10 20 30

Figure 1. The motion of the economic system

Following Lemma 1, we calculate the equilibrium values of the variables as
follows

r=0.023, r,=0137, p,=584, p, =119, p,=092, w=0.63,

F =986, K =467,

K =1876, F, =023, F =113, F =206, F,=533, N, =1.30,
N, =116, N, =2.46,
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N, =508, K, =064, K =066, K, =132, K, =206,
k, =327, k =135,
k =412, k,=1001, ¢, =021, ¢, =053, a=46L

The system has a unique equilibrium point for the given vaue of the
parameters. The question now iswhether this equilibrium point is stable. The three
eigenvalues are calculated as follows

-1.05, -0.12, —9x107".
The dynamic systemislocally stable.

4, Comparative dynamic analysis

We simulated the motion of the dynamic system. It is important to ask
guestions such as how changes in the propensity to save will affect the national
economy and different sectors. This section makes comparative dynamic analysis
with regard to some parameters. In comparison to the one-sector growth model, as
our model has a refined economic structure, we can examine possible differences
in effects on different sectors.

A risein the propensity to save
We now increase the propensity to save in the following way:
A,:0.75= 0.77. The results are plotted in Figure 2. In the plots, a variable

AX; (t) stands for the change rate of the variable, x;(t), in percentage due to

changes in the parameter value. As the propensity to save is increased, from (10)
we see that the wealth per capita a will be initidly increased. As the household
saves more, the consumption levels of the two services fall. The output levels of
the two services fall. The prices of the two services fall dightly as the demands
fall. The stock of the light capital goods risesinitially but fallsin the long-term. In
association with therisein its price, the stock of the heavy capital goodsfalls. The
wage rate and nationa output level fall as the household tends to save more from
its disposable income. The wealth per capita and consumption levels of the two
services are reduced in the long-term. This is different from what the standard
one-sector growth model predicts. Both in Solow’ s one-sector and Uzawa' s two-
sector growth models with homogenous capital, a rise in the saving rate will
increase the wealth per capita both in the short-term and in the long-term. As the
interdependence among the variables becomes more complicated in a model with
heterogeneous capita than the one in with a homogeneous capital, comparative
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dynamic effects of the change in the same parameter may be different. The labor
input of the heavy industrial sector fall and the labor inputs of the two service
sectors rise. The labor input of the light industrial sector rises initially but fallsin
the long-term. The rate of interest on the heavy capital goods fals initialy but
rises in the long-term; correspondingly the stock of the heavy capital goods rises
initially but falls in the long-term. The rate of interest on the light capital goods
fals.
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Figure 2. Arisein the propensity to save

A risein the propensity to consume service 2
We now increase the propensity to consume service 2: &,,:0.08 = 0.09.

Theresults are plotted in Figure 3. As the household spends more on service 2, the
consumption level of service 2 is increased. As the demand for the service is
increased, the price of service 2 is increased. The supply of service is aso
increased. The wedlth per capita and consumption level of service 1 are reduced
initialy but increased in the long term. The wage rate is increased in association
with the rising price of service 2. The price of service 1 is changed but only
dightly. The output levels of the two service sectors are increased. The output
level of the light industria sector falls initially but increased in the long-term. It
should be noted that the output levels of the four sectors are al increased as the
propensity to consume service 2 isincreased. The labor inputs of the two service
sectors fall and the labor input of the heavy industrial sector rises. The labor input
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of the light industrial sector fal initially but rise in the long-term. The stock of the
heavy capital goods rises. The stock of the light capital goods falls initialy but
rises in the long term. The national output is increased over time. The rate of
interest on the light capital good rises. The rate of interest on the heavy capital
good falsinitialy but risesin the long-term.

t

40 25 0 10 20 30
Figure 3. Arisein the propensity to consume service 2

A risein the depreciation rate of the heavy capital good

As different capita may depreciate differently, it is important to examine
how the economic structural change takes place when a specified capital good
depreciates more quickly. We now increase the depreciation rate of the heavy
capital good: ¢, :0.05= 0.051. The results are plotted in Figure 4. As the capital

good depreciates more quickly, the stocks of the heavy and light capital goods are
increased. The rates of interest on the capital goods fall in association with the
rises in the capital stocks. The wage rate is increased, the prices of the two
sarvices are dightly changed. The heavy industria sector's output level is
increased and the sector employs more labor. The national output level is
increased. The consumption levels of the two services and wealth per capita are
reduced initialy but are affected only dightly in the long-term.
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Figured4. Arisein the depreciation rate of the heavy capital goods

A riseinthetotal productivity of thelight industrial sector
We increase the total productivity factor of the light industrial sector in the
following way: A :1.1= 1.12. The rise in the total productivity of the light

industrial sector initially leads to the falling in al the inputs of the sector. The
three inputs are increased in the long-term. Correspondingly, the output level of
the light industrial sector fals initialy but rises in the long-term. The output level
of the heavy industrial sector and the three inputs of the sector are increased over
time. The output levels of the two service sectors and the three inputs of each
sector are reduced initialy but increased in the long-term. The stocks of the two
capital goods are increased. The price of the heavy capita goods fals and the
prices of the two services rise. The consumption levels of the two services fall
initialy but rise in the long-term. The national output and wealth per capita are
increased over time.
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Figure5. Ariseinthetotal productivity of the light industrial sector
5. Conclusions

The history of economic growth theory shows that it is difficult to formally
model economic dynamics with multiple capital goods and multiple consumption
goods and services with micro-foundation. This paper proposed a two-capital-
goods model to illustrate how economic growth with multiple capital goods can be
modeled with an aternative approach to household behavior. We aso anayzed
changes in the parameters upon the system. Our model shows the importance of
introducing heterogeneous capital into the neoclassical growth theory. For
instance, in our model when the propensity to save is increased, the wedalth per
capita is increased initially but reduced in the long-term and the wage rate and
national output level fall; the consumption levels of the two services fall even
though the prices of the two services fal only dightly; the stock of the light capital
goods rises initidly but falls in the long-term; the stock of the heavy capital goods
falsin association with rising of in its price; the labor input of the heavy industria
sector fall and the labor inputs of the two service sectors rise while the labor input
of the light industrial sector rises initialy but fals in the long-term; the rate of
interest on the heavy capita goods falls initidly but rises in the long-term;
correspondingly the stock of the heavy capital goods rises initialy but fallsin the
long-term; the rate of interest on the light capital goods falls. Solow’ s one-sector
and Uzawa' s two-sector growth model's cannot explain the structural changes with
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heterogeneous capital. Our model aso predicts some phenomena which are
different from what the standard one-sector growth model predicts. Both Solow’s
one-sector and Uzawa' s two-sector growth models show that a rise in the saving
rate will increase the wealth per capita both in the short-term and in the long-term,
while our model predicts that as the propensity to save isincreased, the wealth per
capitais increased initially but reduced in the long-term. This occurs because the
dynamic interdependence among the variables becomes more complicated in a
model with heterogeneous capital than the one with homogeneous capital. It
should be noted that the comparative dynamic analyses are conducted only with
specified values of the parameters. If the parameter values are specified differently,
the system may not have a stable equilibrium. We have limited our study to a
smplified spatia structure of the economic system. There are numerous
extensons of the Solow-Uzawa models. We may introduce more redistic
representations of household behavior with endogenous time and multiple kinds of
consumption goods. We now point out a few straightforward extensions. For
instance, we may consider the economy as a small country, which implies that
economy has negligible impact on the interest rate in globally open market. This
assumption has been accepted in the literature of international economics.

Appendix 1. Proving Lemma 1

From (2), (4) and (6), we have

Z:amli:Kmi Z:Ykam, m:h,i,l,---,J; (Al)
where
&m5&7 j}mE&'
o, Vm

From (2), (4) and (6), we dso have

= ImX2Ke o hi 0, (A2)
(xm
where Z = z/Z. From (3) and (4), we have
r, + phxsh:w’ W:BiXAXf'
. (A3)
p o BXIxAXE o
z

where
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f(z,2)= [5) [ﬂ .

o i
I ) I
From (A3), we see that r, - p,¢,,, W, and r, are functions of Z and z.

From (A3) and (11), we solve

o x Axox f

= , TL=T D, A4
ph Z(ri +8h) rh rl ph ( )

From (5) and (6), we have

wx G’ xy!
P, = : o ] v (A5)
B, xAXZ" xz"
From (7) and (8), we have
g=(, + p )k +@L+1)K +w. (A6)
From (4) and (6), we have
XN xF
jzm, i=1..,7J. (A7)
BjxijNi
From (9) and (14), we have
X NXV
L) (A8)
P;
From (A7) and (A8), we have
XE XNxXN. XV
Nj:B' 5 Y o1, (A9)
BixF
Insert (3) in (A9)
N, =AY, j=1..,73, (A10)
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wherewe also use (A1) and

Az 2) B, x&, x Nxa™ x ¥}

BixAXZ" xZ"
Insert (A10) in (12)

N,- N- Ay=N,
where

Insert (A1) in (13)

Insert (A10) in (A12)

N,
a,
% + l +A Y=
"n /4

where

WY =

04

N|NN|7<|

93t

i=L

A, 3 A
PRRNCEE

j=1 7]
Insert (A6) in (A11) and (A13)

/

Nh+Ni+[1Lr\AK oK, z, z)EN—[

%+i+(l+—n)Ah}Z=QZ(K,Z, 2)55—(r”+
o, q N Z

h + Py

N

\AK
Vi
p
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(A11)

(A12)

(A13)

—Aw,

N

“jAhK—AhW,
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% + l + [(1+Nri ]Ai _E}IZ =

_o,K,z, )[TMA K —Aw.
J

This is a linear system with N,, N, and K as vaiables. It is
straightforward to solve thislinear system asfollows:

N, =Q(K,Z,2, N=Q(K,Z, 2, K=QlK,Z, 2), (A15)
where we do not provide explicit functions asit is straightforward to get them but
the expressions are tedious. By the following procedure, the variables in the

dynamic system can be expressed as unique functionsof Z, zand K: N, , N,
and K by (A15) = wandr, by (A3) = p, by (Ad) = p;, j=1,..,J, by
(Ad)= r by (A4 = yby (A6)= N,, j=1,..,J, by (A10) = K  and
k m=h,i,1,..,J, by (A1) = F by 1) = F by 3 = F,
j=1,..,J3,by (5 = c; and s by (9 = a:(phIZ+ IZ)/N. We can thus
express the dynamics of (10) and (15) asfollows:

m?

at)=¥,(K, z, z)= slt) —alt),
Kt)=%,K, 2, 2)= F,{)-5,K(),
Kt)=%(K, z, 2)= F.(t) -5 K(). (A16)

We will not give explicit expressionsof ¥t (k, Z, z) asitisstraightforward
to have these expressons by the procedure above. Taking derivatives of
a= (ph K + K)/ N with respect to timeyields

Kaph +Eaph2+ phlll2+%

; Al
N oZ N oz N N (A7)
where we also use (A16). Similarly from (A15), we have
K = 2% v, NCATPSNCA T (A18)
oK 0Z 0z
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From (A16), (A17) and (A18), we have
aphz'+aph2= N, - pi‘Pz_??,
0Z 0z K ’
a‘*kz’ﬁ‘*kz:@—ai_k . (A19)
0Z 0z oK

Thisisalinear system with Z and z asvariables. We solve (A19)

Z=¥(, 2z, 2)
2=9,K, z, 2). (A20)

(A16) and (A20) express Z, z, and K asfunctionsof K, Z and z.

Notes

A comprehensive survey on the early literature of growth theory is referred to Jones and
Manuelli (1997). See Buirmesiter and Dobell (1970) and Zhang (2005) for the literature on the
traditional neoclassical growth theory.

See, for instance, Drandakis (1963), Diamond (1965), Weizsacker (1966), Corden (1966),
Stiglitz (1967), Gram (1976), Benhabib and Nishimura (1981).

See also Baxter (1996), Erceg et a. (2005) and Fisher (2006).

The early extensions are referred to Takayama (1985) and Zhang (2005). Recent extensions
include, for instance, Galor (1992), Azariadis (1993), Mino (1996), Drugeon and Venditti
(2001), Harrison (2003), Cremers (2006), Herrendorf and Valentinyi (2006), Li and Lin
(2008), and Stockman (2009).

In therest of the paper we treat consumption good exchangeably with service.

It should be noted that before Uzawa published the two-sector growth model, there were
some models of multiple sectors and heterogeneous capital (von Neumann, 1937,
Koopmans, 1951, Morishima, 1964). See also Takayama (1985) and Dolmas (1996) for the
literature review.

Moreover, labor is not explicitly considered in the model.

Zhang (2005) has also examined the relations between his approach and the Solow growth
theory, the Ramsey growth theory, the permanent income hypothesis, and the Keynesian
consumption function in details. It can be shown that the behavior generated by the traditional
approaches can aso be observed in Zhang's approach by specifying certain patterns of
preference changes.
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